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A low-order method is presented for aerodynamic prediction of wings operating at near-
stall and post-stall flight conditions. The method is intended for use in design, modeling, and
simulation. In this method, the flow separation due to stall is modeled in a vortex-lattice
framework as an effective reduction in the camber, or “decambering.” For each section of
the wing, a parabolic decambering flap, hinged at the separation location of the section, is
calculated through iteration to ensure that the lift and moment coefficients of the section match
with the values from the two-dimensional viscous input curves for the effective angle of attack
of the section. As an improvement from earlier low-order methods, this method also predicts
the separation pattern on the wing. Results from the method, presented for unswept wings
having various airfoils, aspect ratios, taper ratios, and small, quasi-steady roll rates, are shown
to agree well with experimental results in the literature, and computational solutions obtained
as part of the current work.
Nomenclature
(t/c)max Maximum airfoil thickness as a fraction of chord
[AIC] Aerodynamic influence coefficient matrix
αeff Effective angle of attack of wing section
α Angle of attack
α0L Zero-lift angle of attack of airfoil
A Aspect ratio, b2/S
δl Inclination of the decambering flap at hinge point
Γ Circulation strength of vortex
nˆ Unit normal vector
λ Taper ratio, root chord / tip chord
ω Angular velocity
b Wingspan
c Chord
Cd,CD Drag coefficient of airfoil, wing
Cl,CL Lift coefficient of airfoil, wing
Cm,CM Coefficient of pitching moment about quarter chord (airfoil), root-quarter-chord (wing)
Cn Normal force coefficient of airfoil
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cmean Mean chord
f Separation point location as a fraction of chord
m Height of the decambering flap at the trailing edge as a fraction of chord
pb/2V Nondimensionalized roll rate
Re Reynolds number based on mean chord
S Wing planform area
V∞ Freestream velocity
x Chordwise coordinate, positive towards trailing edge
y Spanwise coordinate, positive towards right wingip
z Vertical coordinate, positive towards upper surface
I. Introduction
Aircraft normally operate in the “linear region” of aerodynamics. This region, which occurs at low angles of attack,
is characterized by mostly attached flow, and a linear variation of lift with angle of attack. In the linear region, the
boundary layer is thin and the flow can be approximated by a potential-flow solution. The behavior of airfoils and wings
at low angles of attack has been thoroughly studied, and extensive data on the forces and moments acting on lifting
surfaces in the linear region is available from a variety of experimental, numerical, and theoretical sources [1–5].As the
angle of attack increases, an adverse pressure gradient forms on the upper surface of the airfoil/wing. The adverse
pressure gradient causes the boundary layer to thicken and then separate from the surface. The thick, separated boundary
layer changes the effective shape of the body. The flow can no longer be approximated by the potential-flow theory, and
the lift produced drops in comparison to the linear curve. As the angle of attack increases further, the adverse pressure
gradient intensifies, and the location at which the flow separates moves forward towards the leading edge. Beyond a
limiting angle of attack (αstall), the lift produced starts to decrease with an increasing angle of attack. The drop in lift is
accompanied by a significant increase in drag and a drop in pitching moment, and the airfoil/wing is said to have stalled.
Although a majority of applications operate in the linear region, post-stall aerodynamics are commonly experienced
by applications such as wind turbines, helicopters, and even some fixed-wing aircraft. A solid understanding of near-stall
and post-stall flows is crucial to the success of these applications. Aerodynamic models that can be used to rapidly
predict the loads acting on wings and aircraft configurations have applications in preliminary design, flight dynamics
characterization, and flight simulation. Due to the requirement for rapid predictions, low-order models are especially
useful in such applications. Low-order predictive methods based on potential flow, such as the vortex lattice method
(VLM), are well established in predicting the force and moment characteristics, and spanwise distributions of the forces
and moments, on wings and multiple-surface configurations at low angles of attack, where the flow can be approximated
by potential flow. The development of the first steady VLM dates back to work done by Hedman in the 1960s [6], with
unsteady modifications introduced by Thrasher et al. [7] and Konstadinopoulos et al. [8] in the 1970s and 80s. However,
the VLM, with various modifications and enhancements, is used even today for low-order modeling and engineering
applications, with recent examples ranging from flight dynamics analysis [9, 10], analysis of yacht sails [11], calculation
of aerodynamic interference effects [12–14], post-stall analysis [15, 16], flapping-wing analysis [17–20], wind turbines
[21, 22], design optimization [19, 23, 24] and aeroelasticity [25–27]. Modified VLMs have also been extensively used
for modeling steady and unsteady flows past delta-wings [28], propeller aerodynamics [29], propeller-wing interactions
[30], ground effect and formation flight [31–34], compressibility effects and transonic flow over wings [35, 36], system
identification [37], and for rapid performance prediction in adaptive control of aircraft [38, 39]. The current work, along
similar lines, aims to extend the VLM for modeling separation and stall.
Extensive research has been carried out to extend the range of potential-flow-based methods to obtain aerodynamic
predictions beyond the linear region. Some methods [40, 41] use empirical relations based on the lift curve of the airfoil
obtained from experimental or CFD data to obtain maximum wing lift. While these methods can accurately predict
CL,max, they do not predict the wing behavior well in the post-stall region. Another common approach is to modify the
potential flow-based equations of traditional low-order methods to model the effects of thick and separated boundary
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layers. Often, this modification is achieved using a strip-theory based approach. Strip theory has been widely used to
predict the behavior of wings based on the behavior of their airfoils [42–47]. To calculate the loads on the wing, it is
discretized into strips and the behavior of each strip is approximated to than of the corresponding airfoil. For each
airfoil, viscous input data is supplied, often in the form of airfoil lift (Cl-α) curves which form the convergence criteria
while solving the 3-D potential flow equations to calculate spanwise loading. Convergence is achieved by iteratively
modifying the circulation distribution over the surface [48–55] (Γ-correction methods), or the effective angle of attack
of the strips [56–61] (α-correction methods). These approaches yield sufficiently accurate results for simple unswept
geometries, providing a significant cost-benefit compared to higher fidelity approaches such as CFD. Dias [62] uses the
Kirchhoff-Helmholtz formulation to obtain the coefficient of lift for each section of a wing represented as a lifting line.
The equation of the lifting line is modified to include the effect of separation. The location of the separation point,
denoted in that work by X , is the variable used to change the viscous behavior of each section. The variation of the
location of the separation point with angle of attack is specified as an empirical equation derived by fitting experimental
observations. Iterations are performed until the change in the effective angle of attack of the sections due to a change
in X becomes negligible. Chreim et al. [63] model viscous effects in their implementation of lifting-line theory by
moving the location of the collocation points points in the chordwise direction for each section. Changing the location
of the collocation points has the effect of changing the lift-curve slope for each section. The method calculates the
required lift-curve slope for each section so that its operating point may fall on the viscous lift curve of the airfoil.
Gabor et al. [64] apply a Γ-correction to a vortex lattice method to calculate the circulation distribution required on the
surface to change the strip behavior to be identical to that of an airfoil. Corrections to the circulation strength of each
vortex ring are obtained using a Jacobian-based Newton iteration. The work by dos Santos and Marques [65] uses a
Γ-correction approach to apply viscous corrections to inviscid solutions obtained from a VLM. The elements of the
aerodynamic influence coefficient (AIC) matrix are corrected based on Kirchhoff’s model for separated flow over a
flat plate, where the separation point location is estimated using a semi-empirical model developed by Leishman and
Beddoes [66]. Kharlamov et al. [67] use a 2D URANS solver modified to obtain solutions for “infinite-swept-wings”,
which includes the effects of sweep in the lift-curves of the 2D sections of the wing. An α-correction method is used to
modify the effective angle of attack of the sections of the wing. The correction to α for each section is based on the
change in Cl required at that section and the lift-curve slope. A similar approach is used by Gallay and Laurendeau [68]
and Parenteau et al. [69, 70].
A method developed at NCSU’s Applied Aerodynamics Group uses the concept of “decambering”, wherein the
camber of the sections of the wing is reduced at high angles of attack to model the separation of the boundary layer and
the accompanying reduction in lift. As with the other methods described above, viscous lift data for the airfoil from
experiments or computations is supplied to the decambering method. In contrast to the methods discussed previously,
a “decambering flap” is used to implement the viscous correction by modifying the shape of the effective body. The
decambering approach provides accurate predictions at high angles of attack [15, 71, 72].
This paper describes the concept of decambering and its application to a potential-flow method to obtain viscous
load predictions for airfoils and wings experiencing separated flow. A novel decambering approach dubbed “nonlinear
decambering” is presented. In contrast to previous “linear” decambering approaches which used two linear decambering
flap deflections hinged at predetermined locations to obtain the required drop in lift and moment associated with
boundary-layer separation, the nonlinear decambering approach achieves this using a single parabolic decambering flap.
The nonlinear flap for each section is hinged at the predicted location of flow separation, allowing the flap to better
approximate the shape of the separated boundary layer. The benefits of this nonlinear decambering are the capability to
predict separation patterns along the wing span and cross-sectional separated-flow profiles. These benefits serve as
essential stepping stones to extension of the current work to predictions of swept-wing stall and viscous wakes behind
stalled wings.
An overview of the underlying vortex lattice method (VLM) implemented in this work is given in Section II.
Section III discusses the background of the decambering method and the main assumptions of the approach. A detailed
description of the nonlinear decambering approach is given in Section IV. For flow over an airfoil, the application of
nonlinear decambering is relatively straightforward, as described in Section V. Section VI covers the complications
involved in applying nonlinear decambering to a three-dimensional wing. Finally, results from the low-order method for
various geometries are compared against experimental results and against 3D RANS CFD solutions obtained using
ANSYS Fluent in Section VII.
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II. The Vortex Lattice Method
The vortex lattice method (VLM) is a numerical method used to solve the three-dimensional potential-flow
lifting-surface problem. Its primary advantage over simpler methods such as the Weissinger method or lifting-line
theory is that it represents the actual camber shape of the wing, and therefore can be used for a wide variety of cambered
wings and planforms. The implementation used in this work is described in detail by Katz and Plotkin [73].
The geometry is first condensed into a camber surface, which is then discretized into a lattice of panels in the
chordwise and spanwise directions. A vortex ring element is assigned to each panel, such that the leading segment of
the vortex ring lies at the quarter-chord point of the panel. The trailing segment coincides with the leading segment of
the next vortex ring. A collocation point is defined at the three-quarter chord line of the panel. The normal vector to
the camber surface at the collocation point (nˆ) is used to enforce the boundary condition of zero normal flow through
the surface. In the current implementation, a steady wake model is used – the wake is assumed to be flat (no roll-up)
and fixed (no change due to angle of attack), and extends to downstream infinity. This wake shape is modeled using
horseshoe vortices to discretize the wake. An illustration of the discretization is shown in Figure 1.
x
yz
+Γ
Collocation point
nˆNormal vector
Wing L.E.
Wing T.E.
Bound vortex ring
Wake horseshoe vortex
Fig. 1 The lattice of vortex ring elements used to discretize a lifting surface in the VLM
At each collocation point, the boundary condition of zero normal flow through the camber surface is imposed. This
boundary condition can be expressed as: (∑ ®V ) · nˆ = 0 (1)
where
∑ ®V is the vector sum of all velocities acting at the collocation point. This includes the incoming wind ( ®V∞),
the velocities induced at the collocation point due to the vorticity bound to the wing and shed in the wake, velocities
induced by any free vortices or vorticity bound to a different surface, and any velocity due to rotation of the body itself.
Since the geometry remains unchanged even with varying angles of attack, the calculation can be simplified using
an aerodynamic influence coefficient matrix, [AIC]. With the geometry discretized into M chordwise and N spanwise
panels, the AIC matrix becomes a square matrix of order (M × N), with each element ai, j specifying the influence on
the collocation point of the ith panel of the jth bound vortex ring.
[AIC] {Γ} = {RHS} (2)
The RHS is a known column vector, with each element ri denoting the velocity due to all velocities not arising due
to vortex-lattice influences, including V∞, rotational velocities. Solving Equation (2) yields a vector containing the
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circulation strengths of each vortex ring, which can be used to calculate the loads on the wing using the Kutta-Joukowski
theorem. The lift calculated using the VLM is corrected for thickness effects using an empirical equation given by Katz
and Plotkin [73].
Cl,corrected = [1 + 0.77(t/c)max]Cl (3)
III. The Decambering Method
The change in the shape of the effective body due to boundary-layer separation at high angles of attack causes a
reduction in the camber of the airfoil (“decambering”), leading to a drop in lift and moment associated with stall. The
decambering method [15] developed in previous research at NCSU models the reduction in camber at high angles of
attack using a linear “decambering flap” at the trailing edge of the airfoil, hinged at a fixed chordwise location, along
with another decambering flap hinged at the leading edge. A potential flow method can then be used to calculate the
loads on the modified airfoil.
The decambering method is easily applied to three-dimensional wings using a strip-theory approach. The wing is
divided into chordwise strips with each strip assumed to behave like an airfoil. Decambering flaps are applied to each
strip so as to fulfil the following conditions:
Condition 1: There is no normal flow through the strip, achieved by imposing the zero-flow boundary condition
normal to the decambered geometry at the collocation points of the vortex lattice. This condition is enforced by solving
the linear system of the VLM to obtain the correct circulation strengths for the bound and wake vortices.
Condition 2: The operating points for each strip after decambering, given by (αeff,Cl) and (αeff, Cm), fall on the
Cl-α and Cm-α curves of the airfoil. This condition is satisfied by the deflection of the decambering flap.
An iterative process is used to enforce both conditions simultaneously. This approach has been shown to satisfactorily
predict the lift generated by finite wings [15, 71, 72]. The following section gives a detailed illustration of the modified
nonlinear decambering procedure presented in the current work.
IV. Nonlinear Decambering
The nonlinear decambering method [74] was developed as an improvement to the linear decambering method, and
uses a single parabolic flap as shown in Figure 2 to model the reduction in camber due to flow separation at high angles
of attack. The nonlinear decambering flap is hinged at the separation location ( f ), and has an inclination (δl) at the
hinge, and a height (m) at the trailing edge. The value of f varies from 0 (separation occurs at the leading edge, i.e. flow
is fully separated) to 1 (flow is fully attached, separation occurs at the trailing edge). In contrast to previously published
decambering approaches [15, 71, 72], this method requires a single flap to account for deviation in both lift and moment
from their respective inviscid values.
f
lδ
m
Fig. 2 The parabolic flap used by the nonlinear decambering method, hinged at x/c = f , with an inclination
of δl at the hinge location and a height m at the trailing edge
Non-dimensionalizing the x and z coordinates with chord, we write x¯ = x/c and z¯ = z/c. The shape of the parabolic
decambering flap is given by:
z¯ (x¯) =
{
0 x¯ < f
Ax¯2 + Bx¯ + D x¯ ≥ f (4)
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where,
A =
m − (1 − f ) tan(δl)
(1 − f )2 (5)
B = tan(δl) − 2A f (6)
D = m − (A + B) (7)
Using thin-airfoil theory, the change in lift and moment caused by a nonlinear decambering flap having the
decambering parameters ( f , δl,m) are given by:[
∆Cl
∆Cm
]
=
[
a1 b1
a2 b2
] [
A
B
]
(8)
where,
a1 = 3θ f − 3pi − 4 sin θ f + 12 sin 2θ f
a2 =
3
4
sin θ f − 38 sin 2θ f +
1
12
sin 3θ f −
θ f
4
+
pi
4
b1 = 2θ f − 2pi − 2 sin θ f
b2 =
1
2
sin θ f − 14 sin 2θ f
θ f = arccos(1 − 2 f )
The decambering parameters ( f , δl,m) for each flow condition are calculated using viscous lift, moment, and
separation location data obtained from steady two-dimensional CFD solutions or experiments. In case the separation
location is not available in the input datasets, Beddoes’ modification [75] to the Kirchhoff-Helmholtz solution for
separated flow over a flat plate can be used to estimate the location of the separation point as follows:
f =
(
2
√
Cl
2pi sin(α − α0L) − 1
)2
(9)
V. Nonlinear Decambering Applied to Two-Dimensional Airfoils
The concept of nonlinear decambering is easily illustrated using the example of 2D flow past an airfoil shown
in Figures 3 – 4 . At low angles of attack, the boundary layer is fully attached to the surface of the airfoil, as seen
in Figure 3a. The resulting loads on the airfoil, shown in Figure 4 are accurately predicted by an inviscid method
and no decambering is required. As the angle of attack increases, the separated boundary layer causes a deviation in
lift and moment from the potential-flow predictions. From the viscous input data supplied, we obtain the location
of the separation point ( f ), and the “target” Cl and Cm values that the airfoil is known to produce in viscous flow,
marked in Figure 4 by black asterisks. The required change in Cl and Cm are written as ∆Cl = Cl,viscous − Cl,potential and
∆Cm = Cm,viscous − Cm,potential, respectively. The separation location and required ∆Cl and ∆Cm thus found from the
viscous input data are plugged in to Equations (5) – (8) to obtain the values of the decambering parameters. At low
angles of attack where the viscous input curves indicate mostly attached flow, the required ∆Cl and ∆Cm are small, and
f ≈ 1. In such cases, using the correct value of f leads to large, non-physical decambering flap deflections to achieve
even the small deviations in lift and moment. This problem is avoided by restricting the value of f to a maximum of 0.8.
The camberline of the airfoil is modified according to Equation (4), and the potential-flow solution for the modified
camberline is seen to fall on the viscous operating curve of the airfoil. From Figure 3b, it can be seen that the nonlinear
decambering flap mimics the shape of the separated boundary layer more closely than the linear decambering flap
described in Ref. [71].
VI. Nonlinear Decambering Applied to Three-Dimensional Wings
Similar to the other variations of decambering, nonlinear decambering can be applied to three-dimensional wings
using a strip-theory approach. The wing is divided into chordwise strips, with a set of decambering parameters assigned
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(a) α = 2◦ (b) α = 18◦
Fig. 3 The camberline before (black, dashed) and after decambering (red) for the NACA 4415 airfoil, overlaid
on the CFD-predicted contour of | ®V |/| ®V∞ |
0 10 20 30
0.5
1
1.5
2
2.5
C
l
C l
Pot. flow
Visc. flow
Decambered sol.
0 10 20 30
-0.16
-0.12
-0.08
-0.04
0
C
m
C
m
0 10 20 30
0
0.25
0.5
0.75
1
f
Fig. 4 Potential-flow and viscous-flow curves (lines) and operating points (symbols) for the NACA 4415 airfoil
to each strip. These parameters are determined individually for each strip based on the change in lift and moment
required at that strip to simultaneously satisfy both conditions mentioned in Sec. III above.
A. Effective Angle of Attack
The angle of attack (α) is defined as the angle between the chordline of the airfoil/wing and the incoming wind.
However, the trailing vortex sheet behind the wing induces a downwash at every section of the wing that causes a
reduction in the angle of attack experienced by the section. Since the section “sees” the incoming wind impinging
on itself at this angle, the behavior of the section is governed by this “effective” angle of attack (αeff) rather than the
wing angle of attack (α). Calculation of this effective angle of attack correctly at each section of the wing is crucial
to accurate prediction of the aerodynamic loads on the sections, and therefore those on the wing. The effective angle
of attack, however, is not an output of a VLM solution. To calculate the effective angle of attack for a wing section
from the VLM solution for a given angle of attack, the same decambering flap applied to the section is also applied to
a two-dimensional airfoil. Next, a Newton-Raphson iteration is used to vary the angle of attack of the airfoil until it
produces the same normal force (Cn) as the wing section. The angle of attack for the 2D airfoil is the effective angle of
attack of the wing section.
B. Profile Drag
Although the VLM can predict induced drag on three-dimensional wings excellently, it is ill-suited to predicting the
profile drag of the wing because it is based on potential flow theory. However, the strip theory approach can be used to
estimate the profile drag without needing to calculate it by solving the equations of viscous flow. Since the Cd for the
airfoil is typically available in viscous airfoil datasets, each strip is assigned a viscous Cd/Cl vs. α curve obtained from
the Cd and Cl of the airfoil. When the low-order method solves for the lift distribution on the sections, the Cd for each
section is obtained by interpolating the Cd/Cl vs. α curve at the αeff of the section. The forces and moments resulting
from the interpolated Cd for each strip are then added to the total values calculated by the VLM.
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Fig. 5 Illustration of the wing geometry divided into strips
C. Decambering Trajectory
In earlier works [15, 71], it was shown that the induced flow at a section is affected by the decambering at every
other section. Using the example wing geometry in Figure 5 in which the wing span is discretized into 20 strips, the
effective angle of attack at some section (section 10, for example) will depend on the downwash at that section. Because
this downwash depends on the lift distribution over the span, the effective angle of attack at section 10 depends on
the decambering at all the sections. This behavior is not seen in the case of a 2-dimensional airfoil. To illustrate this
phenomenon, consider the NACA4415 airfoil at an angle of attack of 18◦. Without decambering, the operating point
(α,Cl) falls on the inviscid lift curve (Cl = 2pi sin(α − α0L)) for the airfoil, denoted by the dashed blue line in Figure 6a.
After applying the decambering parameters as calculated using Equations (5) – (8) above, the airfoil produces less lift
(Cl,d) than in the case without decambering. The operating point must fall on the lift curve of the decambered airfoil,
denoted by the red line in Figure 6. Now, the effective angle of attack of the airfoil is found by locating the α-coordinate
at which the lift curve of the decambered airfoil gives a coefficient of lift equal to Cl,d . The operating point of the airfoil
is observed to have moved vertically downwards as a consequence of decambering (Figure 6a).
Now consider the behavior of a single section (section 10) near the root of the three-dimensional wing shown in
Figure 5. Due to induced downwash effects, the section produces less lift than the airfoil even without any decambering
applied, which moves the inviscid (no-decambering) operating point to the filled blue circle in Figure 6b. Now, let us
apply the same decambering as the two-dimensional case to this section only, and no decambering at any other sections
of the wing. Calculating the new lift and αeff of this section as described above, we see that the operating point moves
along the trajectory labeled “T1” in Figure 6b to the point denoted by the filled red circle. Instead, if the requisite
decambering is applied to all sections of the wing instead of a single section, we see that the Cl and αeff of section 10 is
changed, and the operating point now follows a different trajectory labeled “T*” to the new operating point denoted by
the filled red triangle.
It is seen from this exercise that the movement of the operating point of a section in the Cl vs. αeff space depends on
the induced flow at the section, which in turn depends on the decambering at every other section of the wing. The
slopes of the trajectory lines for each section are required in order to obtain accurate viscous operating points from the
viscous input curves. To obtain these slopes, the inviscid solution is calculated to obtain the starting operating point
(αeff0,C0l ) for each section. The trajectory for each section is assumed to be vertical, as seen for the airfoil, and the
intersection of the vertical trajectory with the viscous input curve gives an initial Ctarget
l
and Ctargetm for the decambering
method. The decambering required at each section is calculated, and the perturbed operating points (αeffp,Cpl ) are
found. Now, the trajectory slope at each section is given by:
dCl
dαeff
=
Cp
l
− C0
l
αeffp − αeff0 (10)
It was observed that the decambering trajectories thus calculated remained more or less constant for subsequent
iterations, as shown in Figure 7a. This observation is in agreement with the results of Paul and Gopalarathnam [71].
Additionally, the trajectories do not change significantly with changing angle of attack when they are calculated at an
angle of attack where some separation is experienced by every section. In light of these observations, the decambering
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(a) 2D airfoil
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Fig. 6 An illustration of the decambering trajectories for an airfoil and a section of a 3D wing
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Fig. 7 (a) Invariance of decambering trajectorieswith iterationnumber (b)Decambering trajectories calculated
at a post-stall angle of attack
trajectories for a wing are calculated at a post-stall angle of attack high enough to cause some separation at every section.
For all results presented in this chapter, the trajectories were calculated at α = 30◦. Once calculated, the slopes of these
trajectory lines are used to obtain the decambering targets at every angle of attack with reasonable accuracy. Figure 7b
shows the decambering trajectories for the NACA4415A12 wing described above. Since the wing is symmetric about
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the y-plane, trajectories for sections i and 20 − i + 1 coincide.
D. Iterative Calculation of Decambering Parameters
Once the decambering trajectories have been calculated at a preset angle of attack, the low-order method can be used
to calculate the wing loads at any α. The iterative procedure used to converge on a solution satisfying the conditions
from Sec. III is described below with the aid of the flowchart in Figure 8. We start with the decambering parameters for
all sections initialized to f = 1, δl = 0,m = 0, which corresponds to the inviscid solution for flow over the wing.
Start
Calculate
decambering
trajectory
slopes (once
per wing
geometry)
Solve
VLM
Calculate
αeff
Obtain viscous
f , ∆Cl ,
∆Cm, Cd
Solution
converged?
Calculate
decambering
(δl,m)
Modify
geometry
Stop
no
yes
Fig. 8 Flowchart of the low-order method
1. Potential-Flow Solution
The RHS of the linear system of the VLM is calculated using the normal vectors of the geometry, the velocity of the
incoming wind (V∞), and the rotational velocity (if any) of the wing. Control surface deflections are accounted for by
tilting the appropriate normal vectors by the required angle. For the ith panel, the new normal vector is given by
nˆ
′
i = nˆi + ∆nˆi,decambering + ∆nˆi,control (11)
where nˆi is the original normal vector of the panel, with ∆nˆi,decambering and ∆nˆi,control denoting the change in normal
vector due to decambering and control surface deflection respectively. The total velocity ®Vi at the collocation point for
this panel depends upon ®V∞ and the velocity produced at the collocation point ®pi due to rotation about the center of
rotation ®prot.
®Vi = ®V∞ − ®ω × ( ®pi − ®prot) (12)
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Finally, the normal component of the velocity at the collocation point is obtained from the dot product of the total
velocity ®Vi with the effective normal vector nˆ′i .
RHSi = −®Vi · nˆ′i (13)
The linear system of the vortex lattice is then solved to obtain the potential flow solution.
2. Calculation of Effective Angle of Attack
For each section of the wing, a 2D discrete vortex solver is initialized with a geometry identical to the wing-section,
including any alterations due to control surface deflection or decambering. Additional velocities due to the rotation of
the wing are not included, since the effect of these velocities will be included in the calculated αeff. A Newton iteration
is set up to calculate the α required for the 2D solver to produce the same normal force (Cn) as the section of the 3D
wing. This calculated α is the αeff for the section.
3. Obtaining Target Viscous Coefficients Using Decambering Trajectories
At each section, the target viscous Cl is obtained by finding the intersection of its decambering trajectory line with
the pre-calculated slope and the viscous input Cl vs. α curve. Figure 9 shows the operating points and decambering
targets for the zeroth iteration for each section of the NACA4415A12 wing at α = 18◦.
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C l
2d input data
Trajectory lines
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iter 0 -- target
Fig. 9 Decambering targets for each section
4. Checking for Convergence
At this stage, the error in Cl and Cm for each section is calculated.
∆Cl,i = C
target
l,i
− Cl,i (14)
∆Cm,i = C
target
m,i − Cm,i (15)
Convergence is said to have been achieved when the mean absolute error in both Cl and Cm are below a specified
tolerance, which indicates that the conditions specified in Sec. III have been fulfilled. Tolerances of 0.05 for Cl and 0.01
for Cm were found to yield sufficiently accurate results, as shown in Sec. VII below.
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5. Calculation of Decambering Parameters
If the required tolerance is not met, the increment in decambering needed to achieve the required change in lift and
moment is calculated using Equations (5) – (8). If a decambering flap already exists at a section prior to the current
iteration, the calculated δl and m are added to the preexisting decambering parameters.
6. Solution Update
Once the decambering parameters have been calculated, the shape of the decambering flap is obtained using Equation
(4).As illustrated in Figure 10, the normal vectors are merely rotated in their original locations without moving the
collocation points to the location of the modified camberline, since doing so would require an expensive recalcualtion of
the aerodynamic influence coefficients for the VLM. Thereafter, steps 1–6 are repeated until the solution has converged.
At higher angles of attack, large decambering flaps are required to model the significant separated flow over the wing.
At these angles, typically α > 25◦, the solution from the previous angle of attack can be used as the initial solution to
aid convergence.
Fig. 10 An illustration of the decambering implemented in the VLM by rotating normal vectors in situ. The
modified normal vectors (red arrows) are normal to the modified camberline (red line), but located on the
original camberline (black line).
VII. Results
The low-order method (LOM) described above was tested for multiple unswept wing geometries using viscous airfoil
data, obtained from wind-tunnel experiments and from 2D RANS CFD solutions, as input. The low-order method was
tested using airfoils of various maximum thickness for rectangular and tapered wing planforms. In addition to steady
flight conditions, the low-order method was tested in the quasi-steady regime by applying a small, constant roll-rate to
the wings. Results from the LOM are compared against experimental observations from literature and 3D RANS CFD
solutions for the geometries and flight conditions listed in Table 1
The lifting surface for each geometry was calculated and discretized into a lattice of 20 spanwise and 40 chordwise
panels. Since the decambering shape is implemented in the LOM by rotating the normal vectors of the panels, insufficient
chordwise discretization can cause problems with convergence. Therefore, a fairly large number of chordwise panels
(when compared with traditional VLMs) is used to ensure sufficient sensitivity of the method to the decambering shape.
The code, implemented in Python 3.6 and optimized using the NumPy 1.16.2 package compiled with the Intel MKL
libraries to perform vectorized linear algebra operations, ran on an Apple MacBook Air (2.2Ghz Dual-Core Intel i7) in
8-12 minutes for all cases.
Sec. VII.A presents case A, in which results are obtained from the low-order method using the 2D viscous input
curves obtained in the wind tunnel experiments by Ostowari and Naik [76]. These predictions are compared against 3D
experimental results from the same source.
Results presented in subsequent sections were obtained using 2D viscous input curves obtained from 2D RANS
simulations performed using ANSYS Fluent on the NCSU HPC cluster. Details about the CFD simulations are given in
Sec. VII.B. The total wing loads (CL,CD,CM ) predicted by the LOM are compared against CFD solutions in Sec.
VII.C for a rectangular wing with a symmetric 12% thick airfoil (Case B) and a cambered 15% thick airfoil (Case
C). Sec. VII.D compares the low-order predictions of spanwise distributions of Cl and Cm, and separation lines for
these wings against the CFD solutions. The low-order method accounts for the effects of the separated boundary layer
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Table 1 Summary of cases presented
Case Airfoil Aspect Ratio Re Notes
A1
NACA 4418
6
0.75 × 106
Experimental verification
Source: Ref. [76]
A2 9
A3 12
B1 NACA 0012
8
3 × 106 Symmetric airfoil
B2 12 CFD verification
C1
NACA 4415
8
3 × 106
Cambered airfoil
CFD verification
C2 12
C3 16
D1 NACA 4415 12 3 × 106 Tapered wing (λ = 0.5)
E1 NACA 4415
12
3 × 106 Rolling wing; Rectangular planform
E2 12 Rollling wing; Tapered planform, λ = 0.5
by “decambering” the wing sections, effectively changing its shape. The decambered wing-sections are overlaid on
the contour of V/V∞ in Sec. VII.E to illustrate the resemblance of the decambered airfoil shape to the shape of the
separated boundary layer. The effectiveness of the low-order method in predicting the characteristics of tapered wings
is demonstrated in Sec. VII.F for a wing with taper ratio λ = 0.5. Sec. VII.G illustrates the utility of the low-order
method in quasi-steady cases, such as when a small, constant roll-rate is present, for both rectangular and tapered wings.
Finally, Sec. VIII presents results for a swept wing and discusses the limitations in the method and motivates efforts to
develop a correction for swept geometries.
A. Experimental Validation
The 2D viscous operating curves used as input to the low-order method can be obtained experimentally or from
computational solutions. Here, we present the results obtained from the low-order method for rectangular NACA 4418
wings of three different aspect ratios using input curves obtained from Ostowari ans Naik [76]. A key requirement for
the nonlinear decambering approach is the knowledge of the separation location. Since the separation curve ( f vs. α)
for the airfoil is not usually easily available from experiments, Beddoes’ method (Equation (9)) is used to calculate an
approximate separation curve.
Wind tunnel results used in Case A are from the experiments were performed by Ostowari and Naik [76] in the
Texas A&M University wind tunnel. Reflection-plane models of various NACA 44XX family wings were used to obtain
force and moment curves at angles of attack ranging from −10◦ to 110◦. Data was obtained at a range of Reynolds
numbers for wings of aspect ratios 6, 9, and 12, and for a wing spanning the entire test section (A = ∞). The results
shown here use the viscous curves at Re = 0.75 × 106. The separation curve is calculated using Equation (9) and the lift
curve for the NACA 4418 airfoil given in Ref. [76]. It was seen that at certain angles of attack, Equation (9) gives a
value for f that is greater than 1. In such cases, the value of f is simply set to 1. The experimentally obtained lift, drag,
and moment, and calculated separation curves are shown in Figure 11.
Using these input curves, the low-order method can predict the loads on 3D wings of various aspect ratios. The
predictions from the low-order method for the NACA 4418 wings of aspect ratios 6, 9, and 12 are shown in Figure 12
The low-order predictions for lift and drag show excellent agreement with the experimentally obtained values.
The low-order method correctly predicts the increasing lift-curve slope with increase in aspect ratio at low angles of
attack. As the angle of attack increases, the viscous low-order method correctly predicts stall and the associated drop in
CL and rise in CD . The maximum CL and stall angle predictions from the viscous low-order method are within 5%
of the experimental values. The low-order prediction for moment agrees well with experimental result for theA12
case. However, we see that for the smaller aspect ratios, the low-order moment prediction starts to deviate from the
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Fig. 11 The viscous lift, drag, and moment curves for the NACA 4418 airfoil obtained from experimental tests
by Naik and Ostowari [76], and the separation curve calculated using Beddoes’ model
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Fig. 12 Total coefficients of lift, drag, and pitching moment for the NACA 4418 wings (Case A1 – A3)
experimental result and the error increases with decreasing aspect ratios. This is thought to be due to the interactions of
the detached wingtip vortices with the wing, which become important at low aspect ratios but are not modeled by the
current low-order method.
B. CFD Methodology for 3D Wings
The low-order method does not require any input data from 3-dimensional CFD solutions. However, 3D CFD
solutions for each of the wing geometries described above were obtained to evaluate the accuracy of the low-order
method. Using the procedure described in Ref. [77], body-conforming structured meshes having a wall y+ = 1 were
generated for each geometry using the multi-blocking Hexa algorithm in ANSYS ICEM-CFD. These meshes, having
cell counts ranging from 20M–45M cells, were used to obtain time-accurate solutions at Re = 3 × 106 in ANSYS
Fluent. A physical timestep of 0.01s was used for a total of 300 timesteps. The Spalart-Allmaras model was used for
turbulence closure. A detailed explanation of the CFD methodology is given in Ref. [78]. The total and spanwise load
distributions are obtained from the CFD solutions for comparison with low-order predictions. The separation line is
obtained from plots of skin-friction lines on the upper surface of the wing.
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C. Wing Lift, Drag, and Moment Predictions
The total coefficients of lift, drag, and pitching moment up to α = 35◦ are presented below. For all these cases,
viscous input curves for Cl , Cd, Cm, and f vs. α, shown in Figure 13, were obtained from 2D CFD solutions at the
appropriate Reynolds numbers.
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Fig. 13 The viscous lift, drag, moment, and separation curves for the NACA 0012 and NACA 4415 airfoils
obtained from 2D CFD soluions
1. NACA0012 Wings: Case B
The low-order predictions of CL,CD,CM vs. α for the NACA0012 wings are shown in Figure 14. At low angles
of attack, the inviscid low-order method correctly predicts the loads on the wings, and no additional decambering is
required. As the angle of attack increases to 16◦ and beyond, the wings begin to stall and the inviscid low-order method
does not predict the associated drop in lift and moment, and increase in drag. The viscous low-order method is able to
correctly predict these effects of stall.
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Fig. 14 Total coefficients of lift, drag, and pitching moment for the NACA0012 wings (Cases B1–B2)
2. NACA4415 Wings: Case C
Figure 15 shows the variation of CL,CD , and CM vs. α for the NACA4415 wings. At low angles of attack, the
lift predictions from the inviscid and viscous low-order methods agree well with CFD results. As the angle of attack
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increases, the inviscid method does not model the effects of flow separation, and hence the predictedCL is unsurprisingly
higher than the viscous CL obtained from CFD solutions. The CL results from the viscous LOM, however, match CFD
results excellently. The stall angle and the drop in CL after stall is predicted well for all aspect ratios. As the angle of
attack is increased further beyond α = 25◦, there is massively separated flow on the upper surface of the wings. The
flow at such high angles of attack is inherently unsteady, with large stall cells and leading-edge vortex shedding present
in the CFD solutions. The low-order method does not model these phenomena, but the predicted coefficients show
acceptable agreement with the CFD solutions.
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Fig. 15 Total coefficients of lift, drag, and pitching moment for the NACA4415 wings (Cases C1–C3)
As seen with the lift comparisons, the drag predictions from both methods match CFD results well at low angles of
attack. Interestingly, the drag for theA8 wing is predicted well by the inviscid and viscous low-order methods even at
high α(≈ 20◦) where significant flow separation exists. This is because induced drag, which is predicted well by the
inviscid method, is the major contributor to the total drag for the lower aspect ratios. As the aspect ratio increases, the
induced drag is supplemented by profile drag. This increase in drag is accurately predicted by the viscous LOM.
There is a significant discrepancy in the prediction from the inviscid method for pitching moment even at low α.
This discrepancy is rectified by the decambering method, and the viscous LOM prediction agrees well with CFD. As the
angle of attack increases, the viscous LOM accurately predicts the moment break and the angle at which this occurs.
Comparing the results for the three aspect ratios, it can be observed that the viscous LOM predictions generally improve
as the aspect ratio increases. This trend occurs because the behavior of the higherA wings is closer to that of the
airfoil.
D. Comparison of Spanwise Distributions of Lift and Moment
Figure 16 shows the spanwise distributions of section lift coefficient (Cl) and pitching moment (Cm) for the NACA
4415A12 wing at angles of attack before stall (α = 10◦), slightly post-stall (α = 20◦), and well beyond stall (α = 32◦)
at which the boundary layer separates close to the leading edge on a large portion of the wing. Before stall, the inviscid
prediction is close to the viscous solution from CFD. As the angle of attack is increased, the wing stalls at the root. The
drop in lift and moment on the inboard sections is predicted well by the viscous LOM. Well beyond stall, the low-order
prediction agrees quite well with the CFD solution. The large discrepancy between CFD and the low-order method
at the wingtips is attributed to the absence of a model in the low-order method to predict the detachment of the tip
vortices at higher angles of attack. This discrepancy becomes more evident for the lower aspect-ratio wings, for which
the wingtip vortices affect flow over a considerable portion of the wing.
Figure 17 compares the separation line predicted by the LOM with CFD predictions at the same angles of attack as
above. At α = 10◦ (well before stall), there is only a small amount of separation, indicated by the separation line being
close to f = 1 (trailing-edge) at all sections. The decambering method models the drop in lift using a trailing-edge flap
hinged at the separation line. The other decambering parameters at a section (δl,m) depend on the value of f . If f ≈ 1,
unphysically large values of δl and m are required to model even a small drop in lift. Therefore, in the low-order method,
the aft-most location of the hinge for the decambering flap is constrained to f ≤ 0.8. As the angle of attack increases
beyond stall (20◦), we see significant separation over large portions of the wing. The undulations in the separation line
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Fig. 16 Spanwise distributions of Cl and Cm at pre- and post-stall angles of attack from CFD (black), inviscid
LOM (red), and viscous LOM (blue) for the NACA4415A12 wing (Case C2)
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Fig. 17 Separation line predicted by the LOM (blue) and CFD (black) for angles of attack ranging from
pre-stall to post-stall (Case C2). Right half of the wing is shown.
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from CFD indicate the presence of stall cells on the upper surface of the wing. While these stall cells are not predicted
by the low-order method, the overall agreement of the predicted separation line with the CFD solution is remarkably
good. As the angle of attack is increased well beyond stall (α = 32◦), we see from the CFD solution that most of the
wing experiences fully separated flow. This separation-line behavior is again predicted well by the low-order method.
Spanwise Cl , Cm, and f distributions for the other geometries given in Table 1 agree similarly well with CFD solutions
and are included in Ref. [79].
E. Comparison of Decambering Shape with CFD Velocity Contours
As the angle of attack increases, the separated boundary layer changes the effective shape of the wing. The
nonlinear decambering method models the effects of a separated boundary layer using a parabolic decambering flap to
simultaneously achieve a drop in both lift and moment.
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14◦
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Fig. 18 The decambered camberline (red) at spanwise stations of the NACA 4415A12 wing (Case C2) overlaid
on a contour plot of the velocity magnitude V/V∞ from pre-stall to post-stall angles of attack
Figure 18 compares the geometry of the decambered wing at multiple sections with contour plots showing the ratio
of velocity magnitude to the freestream velocity (V/V∞). At α = 14◦, the flow is mostly attached at all sections of the
wing. A small decambering flap is sufficient to accurately model the effective shape change due to the boundary layer.
As the angle of attack is increased to 18◦, the separation point moves closer to the leading edge, the wing stalls and
the boundary layer becomes thicker. The forward movement of the separation point is predicted well by the low-order
method at all sections away from the wingtip. The thicker boundary layer is mimicked well by the decambering flap
having a larger deflection and trailing-edge height. We also see that the low-order method accurately predicts the
tendency of a rectangular wing to stall to the root. Upon increasing the angle of attack further to 22◦ and then to 26◦, we
observe that the separation point at most sections is very close to the leading edge. The decambering flap approximately
models the centerline of the thick boundary layer. This observation was applied in Ref. [80] to predict the location of
the viscous wake behind the wing, and the velocity profile in the wake without the need for expensive boundary layer
calculations. Figures showing the comparison of the decambered camberlines for other geometries are included in Ref.
[79]
F. Predictions for Tapered Wing (Case D)
Figure 20 shows the coefficients of lift, drag, and pitching moment about root-quarter-chord for the tapered wing
(Case F in Table 1). This wing has an aspect ratioA = 12, a taper ratio λ = 0.5, an unswept leading edge, and a root
chord 4/3 times the mean chord. The planform of the wing is shown in Figure 19.
Viscous low-order results for the tapered wing were obtained using the same 2D viscous curves at each section, i.e.
no Reynolds number adjustments were made. The results from the low-order method are shown in Figure 20. The
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Fig. 19 Planform view of the tapered wing with unswept leading edge
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Fig. 20 Total lift, drag, and pitching moment vs. α for the tapered wing (Case D) fromCFD (black) and viscous
LOM (blue)
viscous LOM accurately predicts the stall angle and the associated drop in lift and moment for the tapered wing.
From Figure 21, it can be seen that the viscous low-order method correctly predicts the spanwise distributions of lift
and moment at the pre-stall angle of attack (α = 10◦). As the angle of attack increases to stall and beyond (α ≥ 20◦),
the drop in lift and moment is correctly modeled by the decambering approach implemented in the viscous low-order
method. It is worth noting that the viscous LOM achieves this using viscous input curves obtained at a single Reynolds
number (Re = 3× 106). The separation line is also accurately predicted by the low-order method, as shown in Figure 22.
G. Predictions for Wings Undergoing Rolling Motion (Case E)
Although the underlying vortex lattice method used in this work is a steady code, it is capable of making predictions
for quasi-steady flow states, such as for wings undergoing small, constant rates of rotation. These quasi-steady conditions
are typical of those experienced by general aviation and transport aircraft. The examples presented in this section
demonstrate the ability of the viscous LOM to predict the variation of total wing lift, drag, and moment coefficients, and
their spanwise distributions, for two wings having a roll rate of 0.1 rad s−1 or 5.73 deg/s about the chordwise axis. This
roll rate causes the left wing (2y/b < 0) to move downwards and see an increased effective angle of attack, while the
right wing (2y/b > 0) moves upwards and experiences a reduced effective angle of attack. Two geometries, each of
aspect ratio 12, are presented in this section: one rectangular and one tapered with a taper ratio λ = 0.5. To verify the
results from the low-order method, CFD solutions were obtained using ANSYS Fluent at select angles of attack before
(0◦, 10◦), close to (15◦, 18◦), and after (20◦) stall.
Figure 23 shows the total wing CL , CD , and CM vs. α variation predicted by the low-order method . The lift and
drag predictions from the viscous LOM agree well with CFD solutions. Predictions for pitching moment are seen to
deviate from CFD solutions at higher angles of attack. Figures 24 – 25 show the comparison of the spanwise distribution
of Cl . For reference, the spanwise distribution of Cl for the wings without any rotational velocity from CFD is plotted
using the dashed black line. At a low angle of attack (0◦) shown in Figures 24a and 25a, the rolling motion of the wing
causes an increase in lift on the left side (rolling downwards) and a drop in lift on the right side (rolling upwards). It is
this increase in lift on the descending wing that results in roll damping at unstalled conditions. At α = 20◦, this effect is
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Fig. 21 Spanwise distributions of Cl and Cm at pre- and post-stall angles of attack from CFD (black), inviscid
LOM (red), and viscous LOM (blue) for the tapered NACA4415A12 wing (Case D)
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Fig. 22 Separation line predicted by the LOM (blue) and CFD (black) for angles of attack ranging from
pre-stall to post-stall (Case D).
reversed. The lift produced on the left side of the wing is reduced, whereas the right side of the wing produces more lift
than the case without any rotation, as seen from Figures 24b and 25b. This post-stall behavior that results in loss of roll
damping is captured correctly by the LOM. The variation of total coefficient of rolling moment with angle of attack
for the rectangular and tapered wings is shown in Figure 26. At low angles of attack, the wing experiences a negative
rolling moment, i.e. in the direction opposite to the roll. The negative rolling moment indicates that roll damping is
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Fig. 23 Total coefficients of lift, drag, and pitching moment for the NACA4415 A12 wings (Cases E1–E2)
experiencing a 0.1rad s−1 roll-rate
present. As the angle of attack increases, the restoring moment reduces, and after stall, the rolling moment acts in the
direction of the rotation. The low-order method correctly predicts the loss of roll damping due to stall.
VIII. Limitations and Future Extensions of the Nonlinear Decambering Method
The nonlinear decambering method provides excellent predictions for wings of different airfoils and aspect ratios,
with and without taper and for wings experiencing small roll rates up to angles of attack well beyond stall. However,
the accuracy of predictions from the low-order method suffers beyond α ≈ 35◦ and for wings having swept planforms.
These limitations are discussed in the following sections.
A. Extremely High Angles of Attack
The decambering method has difficulty converging to a solution beyond α ≈ 35◦. This difficulty is a consequence of
the way decambering changes the shape of the wing section. As shown in Figure 10, the decambering is applied by
simply tilting the normal vectors in place. This approximation is used so that the AIC matrix may be calculated once
and then reused for a given geometry so as to speed up the time required to obtain a solution. However, at extremely
high angles of attack, such as at α = 40◦ shown in Figure 27, a large decambering flap is required to obtain the required
drop in lift and moment. The zero-normal-flow boundary condition is enforced at the collocation points in the direction
of the normal vectors. The new camberline is no longer approximated satisfactorily by simply rotating the normal
vectors at their original collocation points. However, recalculating the AIC matrix as a result of changing the geometry
is a computationally expensive process, requiring O(n2) computations for a vortex lattice with n ring elements. More
research is required to develop a useful compromise between speed and accuracy.
B. Effects of Sweep Angle
The primary assumption of the decambering method is that the behavior of the sections of the three-dimensional
wing is identical to that of the two-dimensional airfoil. Based on this assumption, the airfoil Cl , Cd, and Cm vs. α
curves are used to obtain the target operating points for each section. A spanwise pressure gradient exists on swept
wings that causes spanwise transport of the separated boundary layer. This spanwise transport affects the characteristics
of the sections of the swept wing and invalidates the assumption that the behavior of each section matches that of the
airfoil. This causes the decambering method to identify the wrong (Cl, αeff) and (Cm, αeff) operating points as the target
for the sections, and significantly overpredict CL and CM for the swept wing at stall, as shown in Figure 28. An early
approach to correct for these swept-wing effects is discussed in Ref. [81].
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Fig. 24 Spanwise distributions of Cl at pre- and post-stall angles of attack from CFD (black), inviscid LOM
(red), and viscous LOM (blue) for the NACA4415 rectangularA12 wing (Case E1) with a 0.1rad s−1 roll rate
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Fig. 25 Spanwise distributions of Cl at pre- and post-stall angles of attack from CFD (black), inviscid LOM
(red), and viscous LOM (blue) for the NACA4415 tapered wing (Case E2) with a 0.1rad s−1 roll rate
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Fig. 27 An illustration of the decambering implemented in the VLMby rotating normal vectors in situ at a high
α. The decambered camberline is no longer adequately approximated by simply rotating the normal vectors.
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Fig. 28 Total lift, drag, and pitching moment vs α for the NACA4415A16 30◦ swept wing from CFD (black)
and the viscous LOM using airfoil input curves (blue)
C. Limitations of RANS CFD
The limitations of RANS CFD models in predicting highly separated flows are well known [82, 83]. The low-order
method presented in this paper uses input Cl , Cd, Cm, and f vs. α curves obtained from 2D RANS CFD to make
predictions for 3D wings. While the low-order predictions compare well with 3D RANS CFD solutions, it is prudent to
verify the results using 2D input data and 3D solutions obtained from a higher fidelity computational method such as
LES or DES in a future study.
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D. Airfoils exhibiting sharp stall
The current implementation of the LOM also has problems converging at post-stall conditions for wings with airfoils
that have abrupt stall behavior (sudden drop in Cl at stall). This convergence problem is a subject of continuing work,
and may require improvements to the numerical methods used in this work.
IX. Conclusions
A traditional vortex lattice method (VLM) provides accurate potential-flow solutions for three-dimensional wings
at low angles of attack at which the boundary layer is thin and mostly attached. At higher angles of attack, at which
there is significant flow separation, a VLM significantly overpredicts the lift and moment produced by the wing. The
nonlinear decambering method presented in this paper is an augmentation to the potential-flow VLM to model the
effects of boundary-layer separation at near-stall and post-stall angles of attack. Viscous data for the two-dimensional
airfoils, in the form of experimentally- or computationally-obtained lift, drag, and moment curves are provided as inputs
to the decambering method. For each wing section, the deviations in the lift and moment coefficients are computed
as the differences in values obtained from the viscous input curves at the effective angle of attack for the section and
those predicted by the VLM for that section. A parabolic decambering flap is deflected from the separation location
at each section with the aim of bringing these deviations to zero for all the wing sections. The iterative procedure to
determine the decambering-flap shapes for all the sections converges when the operating point for each section lies on
its two-dimensional viscous input curve.
The total loads predicted by the low-order method agree well with experimental results and computational solutions
for a variety of unswept wings. Stall angle, and lift and moment coefficients at stall are slightly overpredicted in some
cases, but generally follow the trends seen in the experimental and computational results. The predictions from the
method are seen to become less accurate for wings with low aspect ratio, which is attributed to the unmodeled effects
of the separated and rolled-up wing tip vortices. Spanwise distributions of lift and moment compare well with CFD
solutions even at post-stall conditions. The method correctly predicts the stall characteristics of unswept wings, with
root sections stalling before tip sections for rectangular wings, and stall occurring at the outboard sections first on
tapered planforms. A unique capability of the current method is to predict the spanwise variation of the flow separation
on the wing. While the method is unable to resolve stall cells that occur on unswept wings at high angles of attack, the
predicted separation patterns generally agree well with those obtained from skin-friction lines calculated using CFD
solutions. The shapes of the decambering flap also closely mimic the shapes of the separated boundary layer at various
sections of a stalled wing. For the wings experiencing a small roll rate, the method accurately predicts the roll damping
at pre-stall angles of attack, and the loss thereof after stall.
Improvements to the method could focus on improved convergence for airfoils having abrupt stall characteristics,
extensions to very high post-stall angles of attack, and the capability to handle swept wings. Nevertheless, even in its
current state, the method shows promise for rapid prediction of stall behavior of unswept wings in steady flight and with
quasi-steady roll rates, providing useful capability for design, modeling, and simulation at post-stall conditions.
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